We discuss the numerical solution of the Schrödinger equation with a time-dependent Hamilton operator using commutator-free time-propagators. These propagators are constructed as products of exponentials of simple weighted sums of the Hamilton operator. Owing to their exponential form they strictly preserve the unitarity of time-propagation. The absence of commutators or other computationally involved operations allows for straightforward implementation and application also to large-scale and sparse matrix problems. We explain the derivation of commutator-free exponential time-propagators in the context of the Magnus expansion, and provide optimized propagators up to order eight. An extensive theoretical error analysis is presented together with practical efficiency tests for different problems. Issues of practical implementation, in particular the use of the Krylov technique for the calculation of exponentials, are discussed. We demonstrate for two advanced examples, the hydrogen atom in an electric field and pumped systems of multiple interacting two-level systems or spins that this approach enables fast and accurate computations.
Introduction
The time-evolution of a driven quantum system is determined by the Schrödinger equation i∂ t ψ(t) = H(t)ψ(t) (1) with a time-dependent Hamilton operator H(t), which one tries to solve for a given initial wave function ψ(t 0 ) and times t ≥ t 0 . Prominent examples are atoms in laser fields, spins in magnetic fields or quantum dots contacted to AC voltage sources (see e.g. Ref. [1] for an introductory discussion). The Schrödinger equation is a special case of a general linear differential equation
x(t) = A(t)x(t)
with time-dependent coefficients, where A(t) = −iH(t). Other examples from quantum mechanics are the Liouvillevon-Neumann equation for the density operator ρ(t) or master equations for dissipative systems [2] . Analytical solutions of such equations can be found only in a very limited number of cases. In most situations one must resort to numerical computations. In the present paper we study an efficient numerical solution technique, which is related to the Magnus expansion but avoids the use of commutators. The propagator U(t 1 , t 2 ) of Eq. (2) satisfies the initial value problem ∂ t 1 U(t 1 , t 2 ) = A(t 1 )U(t 1 , t 2 ) , U(t 0 , t 0 ) = I ,
with the identity operator, or matrix, I. The solutions x(t) of Eq. (2) fulfill x(t 1 ) = U(t 1 , t 2 )x(t 2 ). We note the group property U(t 1 , t 2 )U(t 2 , t 3 ) = U(t 1 , t 3 ).
For time-independent A ≡ A(t) the propagator is given by a (matrix) exponential
The generalization of this expression for time-dependent A(t) is due to W. Magnus [3] . The Magnus expansion (we refer the reader to the recent review [4] ) expresses the propagator in the form
Notice that we often set the initial time t 0 = 0. Expressions for arbitrary initial time t 0 are obtained by the variable substitution t → t + t 0 . The operator Ω(t) is given as an infinite series Ω(t) = (5), (6) reduce to the simpler expression Eq. (4) . Otherwise the nested commutators provide the necessary correction terms. The Magnus expansion is important from a theoretical and practical point of view. In many cases the differential equation Eq. (2) has an underlying Lie group structure, where the propagator U(t 1 , t 2 ) is element of a Lie group and A(t) of the associated Lie algebra. For the Schrödinger equation, skew-hermiticity of A(t) = −iH(t) implies unitarity of U(t 1 , t 2 ). Violating unitarity results leads to artificial decay or growth of relevant components of the wave function, which spoils the stability of numerical time propagation. In particular, only unitary propagators preserve the normalization of the wave function. The Magnus expansion respects the Lie group structure, since the exponential function Ω → exp [Ω] 
maps Ω(t), which as a sum of commutators of A(t) is itself a Lie algebra element, onto a Lie group element U(t).
From the practical point of view, a truncation of the infinite Magnus expansion provides an approximate propagator U(t + δt, t), which can be used to propagate a solution x(t) over a small time-step δt. For an Nth-order approximation, where the approximation error scales as δt N+1 , all terms with N or less commutators in Eq. (6) must be kept. It is the virtue of the Magnus expansion that for every truncationŨ(t + δt, t) is a Lie group element (whenever a Lie group structure is present). In this way the Magnus expansion allows for the systematic construction of geometric integrators [5] [6] [7] , which preserve Lie group structures.
The practical evaluation of the Magnus expansion is however rather involved. The number of terms in Ω(t) is large already for moderate approximation order, and their calculation is complicated because of the nested commutators. Our starting point for better numerical algorithms are approximations of the form
where each A i = n g i,n A(t n ) is a (finite) linear combination of A(t) at different times t n ∈ [t, t + δt] (which will later be chosen as Gauss-Legendre quadrature points). Such commutator-free exponential time-propagators (CFETs) preserve Lie group structures through the exponential form of the approximation but avoid the use of commutators. Their application is thus straightforward and requires only slight adjustments of existing programs for the calculation of matrix exponentials. No complicated scheme for the computation of nested commutators or the storage of intermediate results is needed. CFETs are examples for Crouch-Grossman methods [7] , and have been studied with a focus on linear differential equations in Refs. [8, 9] . In particular the work of Blanes and Moan [8] , together with the review [4] , provided the initial motivation for the work reported here.
In the present paper we discuss CFETs from a practitioner's point of view. Our intention is to provide a comprehensive account of the theoretical background and a demonstration of the practical usefulness of this approach. A specific goal is the construction of optimized high-order CFETs, which can be applied to the Schrödinger equation in general situations where the resource consumption of naive computational approaches, e.g. a second-order approximation, would be intolerably large. To pursue these goals we first revisit the derivation of the Magnus expansion (Secs. 2, 3) and of the order conditions for the CFET coefficients (Sec. 4). A notable deviation from the literature is the replacement of a power series expansion of A(t) with an expansion in Legendre polynomials. Their orthogonality properties allow to simplify the presentation in two important aspects. First, the rather non-obvious fact that, effectively, only terms of order δt N/2 of A(t) must be taken into account for the construction of Nth-order approximations is evident from the structure of the order conditions. Second, the application of Gauss-Legendre quadrature (Sec. 7) is straightforward, and the corresponding coefficients are obtained without additional work. We believe that our presentation is not only simpler than others in the literature, but allows the reader to understand the derivation without taking unexplained aspects for granted.
Extending previous results we construct CFETs up to order 8. Their error is analyzed theoretically in Sec. 5, complemented by a practical error analysis in Sec. 6 . Minimization of the CFET error requires inclusion of higher order terms from the Magnus expansion, specifically of the N/2+1-order term of A(t) for an Nth-order approximation. This in contrast to the error analysis for split-operator techniques found in the literature. Our improved analysis leads to optimized 4th-and 6th-order CFETs. Again, the use of Legendre polynomials is vital for the analysis.
In practical applications with large Hamiltonian matrices the evaluation of the exponentials in Eq. (7) is the determining factor for the actual efficiency. We discuss the combination of CFETs with the Krylov technique in Secs. 8, 9 . In Sec. 10 we compare CFETs with the (t, t ′ )-method, a Floquet-based approach. Finally, we demonstrate in Sec. 11 the application of CFETs in two situations where precise results are hard to obtain otherwise, e.g. with the original Magnus expansion, before we conclude in Sec. 12. The appendices give the recursion for the Magnus expansion in a form suitable for computer algebra computations, a short discussion of free Lie algebras and Hall bases, and the explicit solution of the order conditions for 6th-order CFETs.
The Magnus expansion
The Magnus expansion provides Ω(t) in Eq. (5) as a series
where Ω n (t) is the n-fold integral of a sum of n − 1-fold nested commutators of A(t). We say that a function f (t) is of order t N if lim t→0 f (t)/t N−1 = 0, i.e. its power series in t starts with t N . Since each integration over t increases the order by one, the term Ω n (t) is of order t n . Derivations of the Magnus expansion can be found at many places in the literature (cf. Ref. [4] ). For our presentation, we follow Ref. [10] . The principal idea is to find an implicit equation relating A(t) with Ω(t), which is solved order by order for the Ω n (t). Notice that we always assume that A(t), and the solutions of Eq. (2), are sufficiently regular to permit a local power series expansion.
Derivation
By definition (Eqs. (3), (5)), Ω(t) is the solution of the implicit differential equation
To evaluate the derivative of the matrix exponential on the left hand side, consider the function f (s, t) = ∂ t e sΩ (t) . It fulfills the differential equation
with initial condition f (0, t) = 0, whose solution is given by f (s, t)
where we used the identity e X Ye 
We now insert the ansatz for the Magnus series Eq. (8) into Eq. (13) . This gives (we drop the argument t in Ω(t))
To solve forΩ n we collect all terms of order
The only (n − 1)th order term that containsΩ n is the term with m = 0. Thus,
Notice that all sums are finite (the last term in the sum over m,
gives the explicit expressions
which allow for the recursive calculation of the Ω n (t). As stated before, every term in Ω n (t) involves an n-fold integral of an n − 1-fold nested commutator of A(t). We obtain explicitly, up to order t 3 ,
,
It is convenient to write the Ω n (t) as time-ordered integrals [10] . This requires additional manipulation of the integration domains of the terms found by straightforward integration in Eq. (16) . It is possible to derive a systematic recursion (see Appendix A), which is very useful for symbolic calculations on a computer.
An alternative route to solve Eq. (13) is to note that the commutator expression on the right hand side involves the Taylor expansion of the function (e x − 1)/x = ∞ m=0 x m /(m + 1)!. Solving for Ω(t) is thus possible using the inverse function, where the Bernoulli numbers B n appear as the Taylor coefficients in x/(e x − 1) = ∞ n=0 B n x n n! . After a few additional manipulations one obtains again a recursive definition of the Ω n (t) (see e.g. Ref [4] ). Our experience is that the present approach is better suited for an algorithmic implementation. Interestingly enough, it avoids the use of Bernoulli numbers.
The Baker-Campbell-Hausdorff formula
A special case of the Magnus expansion is the Baker-Campbell-Hausdorff (BCH) formula
We note that the left hand side of this equation is the exact propagator for a stepwise constant A(t), with A(t) = Y for 0 ≤ t < 1, A(t) = X for 1 ≤ t ≤ 2. Inserting this A(t) into the recursion Eq. (16) for Ω(t) provides the exponential on the right hand side. In a similar spirit, we can obtain the BCH formula for several exponentials
Approximate Magnus propagators
By construction, the Magnus expansion is an expansion in orders of t. It thus provides a systematic way to obtain Nth-order approximationsŨ (N) 
, which coincide with the exact propagator U(t) for all terms of order t N or less, from direct truncation of the infinite series Eq. (8) . Notice that we call a function f (t) an Nth-order approximation of another function g(t) if the difference f (t) − g(t) is of order t N+1 . The expression for Ω n (t), given through Eq. (16), involves n-fold integrals. These can be simplified since each integral needs to be evaluated only up to order t N+1 for Nth-order approximations. Starting from an expansion of A(t) in orders of t, all multi-dimensional integrals in Eq. (17) can be replaced by one-dimensional integrals. In the literature, it is common to expand A(t) in powers of t (or centered powers (t − δt/2) n for a given time-step δt). Contrary to these treatments, we use an expansion in Legendre polynomials. Although both expansion are principally equivalent, the choice of Legendre polynomials proves itself useful because of their orthogonality properties.
Legendre expansion of A(t)
The (shifted) Legendre polynomials P n (x) are defined for n = 0, 1, 2, . . . through the recurrence
By definition, P n (x) is a polynomial of degree n. Explicitly,
The polynomials P n (x) are symmetric with respect to x = 1/2, i.e.
Furthermore, they form a complete set of orthogonal functions on the interval [0, 1], with scalar product
In particular, 1 0 p(x)P n (x) dx = 0 for every polynomial p(x) of degree less than n. We now fix a time-step δt, for which an approximate Nth-order propagatorŨ (N) (δt) ≡Ũ (N) (δt, 0) should be constructed. The function A(t) is expanded on the interval [0, δt] in a series of Legendre polynomials
Notice the index shift of P n−1 versus A n . The (matrix-valued) coefficients are obtained as
To see that A n is a term of order δt n , compare this expansion with an expansion A(t) = m≥1 a m t m−1 in powers of t. Since P n (x) is orthogonal to all x m with m < n, we see from Eq. (25) that A n starts with the term δt 1 0 a n (xδt) n−1 P n−1 (x) dx of order δt n . In particular, it is a linear combination only of a m with m ≥ n.
Legendre expansion of Ω(t)
If we insert the expansion Eq. (24) of A(t) into the recursion Eq. (16) we obtain Ω(δt) as a sum of nested commutators of the expansion coefficients A n . A nested commutator [A n 1 , . . . , A n m ] is of order n 1 + · · · + n m in δt. The prefactor of this term is obtained as the n-fold integral ξ(n 1 , . . . , n m ) = 1 0 dx 1 . . .
, which is a rational number independent of A(t). For example,
Notice that the only non-zero contributions in the second line come from n 1 = 1, n 2 = 0 and n 1 = 0, n 2 = 1, since the integral of P n 1 (x 1 )P n 2 (x 2 ) vanishes in all other cases. This hints at a general pattern to be discussed below.
Collecting all terms up to order δt 9 , we find
The first line contains the 4th-order terms, the second line the 6th-order terms, and the remaining lines the 8th-order terms. This expression for Ω(δt) avoids multi-dimensional integrals.
Properties of the expansion
As seen above for Ω 2 (δt), only few out of the many possible commutators contribute to Ω(δt). In Eq. (27) several nested commutators of order δt 9 or less are missing, e.g. the terms A 2 , . . . ,
. This is a consequence of two general properties of the expansion that result in a zero prefactor ξ(n 1 , .
−1 of the propagator implies that Ω(t) changes sign if A(t) is replaced with −A(δt − t). According to the parity Eq. (22) of the Legendre polynomials it follows that even order terms in the expansion, i.e. terms [A n 1 , . . . , A n m ] with even n 1 + · · · + n m , vanish. This follows also from the calculation of the prefactor ξ(n 1 , . . . , n m ) as an n-fold integral: Each of the inner integrations over x 2 , . . . , x n changes the parity of the integrand. The parity also changes by multiplication with a polynomial P n for odd n. Hence, the integrand in the final integration over x 1 has odd parity for odd (n 1 
Then, the integration gives zero and the respective term vanishes in Eq. (27). (P2) As a consequence of the orthogonality of the Legendre polynomials a term [A n 1 , . . . , A n m ] vanishes if some index n k exceeds the sum of the others by two, i.e. n k > 1 + i k n i for a k = 1, . . . , m. To see this change the integration order in the integral for the prefactor ξ(n 1 , . . . , n m ) such that the outermost integration is over x k . This final integration is of the form 1 0
, where the polynomial p(x k ) results from the previous m − 1 integrations of the other polynomials P n i −1 (x i ). The degree of p(x k ) is at most i k n i . If, by assumption, this sum is smaller than n k − 1 the final integral is zero since P n k −1 is orthogonal to polynomials with smaller degree. Now suppose [A n 1 , . . . , A n m ] is 27)). This has the remarkable consequence that for the construction of Nth-order propagators terms A n for n ≥ N/2 + 1 can be neglected even if n < N. Notice that property (P1) is shared by an expansion in centered powers (t − δt/2) n , while (P2) requires orthogonality of the Legendre polynomials. This fact motivated our use of a Legendre expansion of A(t) instead of the apparently simpler Taylor expansion.
Uniqueness of the expansion: Hall basis
The expression for Ω(δt) in Eq. (27) To compare nested commutator expressions by equating the coefficients we must therefore first eliminate the ensuing linear dependencies. Technically, this amounts to calculations using a vector space basis of the free Lie algebra generated by the A n . Since every nested commutator is a unique linear combination of the basis elements, uniqueness of the entire Magnus expansion is achieved.
A systematic construction of free Lie algebra bases is provided by a Hall basis [11] . Algorithms exist for the rewriting of nested commutators in terms of the Hall basis elements, and for their enumeration. The number of Hall basis elements grows rapidly with the maximal order considered. As listed in the following 
Commutator-free exponential time-propagators
The expansion Eq. (27) of Ω(δt) still contains nested commutators. An Nth-order commutator-free exponential time-propagator (CFET) is based on the ansatzŨ
where each of the s exponentials Ω i is a linear combination
of the A 1 , . . . , A N from the Legendre expansion Eq. (24) of A(t). The CFET is completely determined through the coefficients f i,n , which are fixed once and independently of the concrete A(t) used in a calculation. The practical evaluation of Eq. (28), avoiding commutators and multi-dimensional integrals, is considerably simpler than for the original Magnus expansion. It will be discussed in more detail in Sec. 8. Effectively, Eq. (28) is the exact propagator for an auxiliary problem with a fictitious, stepwise constantÃ(t). The CFET coefficients f i,n must be determined in such a way that the replacement of the complicated time-dependent problem by the simpler auxiliary problem introduces only an error ∝ δt N+1 , independently of A(t). Now consider an A(t) = x(t)X + y(t)Y which is the sum of two contributions X, Y. This situation arises, e.g., for a particle moving in a time-dependent field. By construction, each Ω i = x i X + y i Y itself is a sum of X, Y, with constant x i , y i replacing x(t), y(t). Therefore, the CFET describes again a particle moving in a field, and thus preserves the principal physical situation. Notice, however, that fictitious negative time-steps can occur. The analogous statement does not hold for the original Magnus expansion involving commutators of X, Y.
The simplest example of a CFET is the 2nd-order midpoint rulẽ
corresponding to s = 1 and f 1,1 = 1. The second exponential is identical to the first according to the definition Eq. (25) of A 1 . The last exponential is obtained by approximation of the integral through Gauss-Legendre quadrature (addressed later in Sec. 7), which here reduces to evaluation of A(t) at the midpoint t = δt/2.
Derivation of order conditions
The construction of higher-order CFETs is substantially more difficult, and a systematic procedure is missing. We adopt the following strategy: Starting from the CFET ansatz Eq. (28), the BCH formula (19) allows us to combine the s exponentials until we obtainŨ
TheΩ has to be compared with Ω(δt) from the Magnus expansion Eq. (27), demanding equality of terms of order δt N or less. Working in a Hall basis, this implies equality of their prefactors which results in equations for the coefficients f i,n , the so-called order conditions. Specifically, we find
arising from the terms A n , and from [
For higher-order commutators, the derivations become increasingly cumbersome, and calculations are best delegated to a computer. Since standard computer algebra systems are less useful for calculations in non-commutative algebras we used self-written programs that perform the Lie algebra manipulations, based on algorithms from Ref. [12] . Counting all Nth-order elements in the Hall basis (Sec. 3.4), we see that the number of order conditions is 22 (70) for order 6 (order 8) , and thus appears to be too large for a pra ctical solution of the multivariate polynomial equations that arise. As we found in Sec. 3.2 several commutators do not appear in Ω(δt) as a consequence of the two properties 4th-order 2 exponentials 3 exponentials CF4:2 CF4:3 (P1), (P2). The key observation is that the corresponding order conditions can be satisfied by a suitably restricted choice of the f i,n according to the following two rules.
n , a CFET complies with timereversal symmetry if the coefficients obey
For a time-symmetric CFET it thus suffices to specify the f i,n for i ≤ s/2, i.e. for the first half of the exponentials e Ω i , and choose the remaining coefficients according to Eq. (34). For odd s, the coefficients f (s+1)/2,n of the central exponential i = (s + 1)/2 must be specified for odd n only, while they are zero for even n. With this constraint the order conditions for even order terms, which do not contribute to Ω(δt) according to (P1), are automatically satisfied. (R2) Property (P2) states that up to order δt N only terms A n with n ≤ N/2 contribute to Ω(δt). The order conditions involving higher-order A n can be satisfied simply by setting f i,n = 0 for n > N/2: Since all coefficients are zero the corresponding commutators drop out entirely. The remarkable implication is that an Nth-order CFET can be built already from the terms A 1 , . . . , A N/2 . We note that this property is intrinsically connected with Gaussian quadrature using orthogonal polynomials (cf. Sec. 7). It becomes obvious working with Legendre polynomials, while it requires sophisticated additional arguments in general [5] .
By rule (R1) the number of relevant coefficients and order conditions is reduced approximately by one half. For this reason we consider only time-symmetric CFETs. Notice that a symmetric Nth-order CFET is automatically of order N + 1, if N is odd. Rule (R2) implies that the summation index n in Eq. (29) only has to run from 1 to N/2. We will later relax this rule to allow for minimization of the error, which requires inclusion of the term A N/2+1 .
With both rules, the number of order conditions is significantly reduced, to 2, 7, 22 for N = 4, 6, 8 CFETs (cf. the Table in Sec. 3.4). On the other hand, a symmetric Nth-order CFET with s exponentials has ⌊sN/4⌋ coefficients (rounding down to an integer). The counting shows that 5 exponentials (11 exponentials) are needed for a 6th-order (8th-order) CFET. Only in exceptional cases solutions with less exponentials exist, e.g. CF6:4 in Table 3 .
Fourth-order CFETs
We consider 4th-order propagators (N = 4) with three exponentials (s = 3), of the form
As explained before (cf. Eqs. (32), (33)), we get the two order conditions
The first arises from the term A 1 , and the second from the term [A 1 , A 2 ]. In accordance with the above counting of terms, we have 3 coefficients and 2 order conditions. Using f 2,1 as the free parameter, we find
.
Corresponding coefficients are listed in Table 2 . The parameter f 2,1 will later allow for optimization of the propagator (see Sec. 5.2). Setting f 2,1 = 0, we obtain the unique 4th-order CFET with s = 2 exponentials
The notation used here and in the following is CFN:s for an Nth-order CFET with s exponentials.
6th-order 4 exponentials CF6:4 Table 3 : Coefficients for unoptimized 6th-order CFETs with s = 4, 5, 6 exponentials (coefficients for optimized 6th-order CFETs are given in Table 6 ). The CFET CF6:5b corresponds to the coefficients of the propagator ψ 
Sixth-order CFETs
For 6th-order (N = 6), we consider propagators with s = 6 exponentials. The 9 coefficients f i,n , for 1 ≤ i, n ≤ 3, must satisfy 7 order conditions corresponding to the 7 Hall basis elements
from Table 1 . We note that two coefficients can be chosen as a free parameter. An explicit solution of the order conditions is possible to a large degree, and simple explicit expressions for the coefficients can be obtained in some cases (cf. Appendix C). Setting f 3,2 = 0, the two central exponentials can be combined, resulting in propagators with s = 5 exponentials and a single free parameter. Surprisingly, there is also a solution with f 3,1 = f 3,2 = f 3,3 = 0, giving a 6th-order CFET with only 4 exponentials (see CF6:4 in Table 3 ), although there are less coefficients than order conditions. We do not know whether the existence of this solution is accidental, or hints at a general redundancy pattern of the equations. For practical purposes, the CFET CF6:5 from Table 3 is most relevant, since it has small approximation error. Further optimized 6th-order CFETs will be obtained in Sec. 5.3.
Eighth-order CFETs
The 22 order conditions of 8th-order CFETs correspond to the entire set of commutators from Table 1 . Exactly 22 coefficients exist for s = 11 exponentials. Due to their complexity, the order conditions can only be solved numerically. Several solutions were computed using a root finder based on the Newton iteration [13] . Severe ill-conditioning of the equations required the use of high-precision arithmetics, based on the MPFUN package [14] , and repeated restarting of the Newton iteration. The coefficients of an 8th-order CFET with small approximation error, selected from about 8th-order: 11 exponentials CF8:11 Table 4 : Coefficients for an 8th-order CFET with 11 exponentials.
50 computed solutions of the order conditions, are given in Table 4 . A systematic search of the coefficient space was not possible.
Theoretical error analysis
The CFET error is determined by the difference χ =Ω − Ω between the exact Ω(δt) from the Magnus expansion Eq. (27) and the approximateΩ from Eq. (31). The theoretical error analysis aims at minimization of the error term in the general situation, where no specific information about A(t) is available.
General considerations
By construction the error term is of the form χ = k (p k − c k )C k , where the C k are the N + 1-order commutators from the Hall basis, the p k are polynomials in the coefficients f i,n such as in Eq. (31), and the c k the constant prefactors from Eq. (27). The size of χ can be measured with a matrix norm · . It is
In concrete situations, χ depends not only on the size C k but also on the amount of dependency between different C k , which is responsible for the difference between left hand and right hand side of the above inequality. In the general case we may not assume that the difference is small. Accidental cancellations, i.e.
Optimization of a CFET, that is minimization of χ through variation of the coefficients f i,n , thus requires that all |p k − c k | become simultaneously small. Only then, the error can be expected to be small in the general case. Such optimized CFETs are universally applicable and perform equally well in different situations. Optimization will be achieved for 4th-and 6th-order CFETs, listed below in Tables 5, 6 . For 8th-order CFETs, optimization is not practicable due to the complexity of the order conditions. An important point, which seems to have been missed in the literature, complicates the error analysis in comparison to split-operator techniques. While rule (R2) in Sec. 4.1 states that the terms A n for n > N/2 can be disregarded in the construction of an Nth-order CFET, the error term χ contains a contribution from A N/2+1 since the prefactors c k of the corresponding commutators are non-zero in Eq. (27 3 . In contrast to the basic construction of higher-order CFETs with (R2), CFET optimization requires explicit inclusion of A N/2+1 . Therefore, the optimized 4th-and 6th-order CFETs include non-zero coefficients for the A 3 or A 4 term, respectively. Additional order conditions, e.g. 43)). The unoptimized CFET CF4:3 from Table 2 is obtained by dropping the A 3 terms from CF4:3Opt.
itself, must be accounted for. We note that for split-operator techniques [15] , where essentially the full Magnus propagator e Ω(t) is replaced by the term e (X+Y)t for a time-independent A(t) ≡ X + Y, the equivalent coefficients c k = 0, and no additional provisions are necessary.
Since the error term χ is of order δt N+1 we must ask whether also terms A n for N/2 + 1 < n ≤ N + 1 need be considered. Property (P1) states that nested commutators involving these terms do not occur in Eq. (27) up to order N + 1, i.e. the corresponding prefactor c k = 0 in Eq. (40). Since we have set the coefficients of these A n to zero by rule (R2), they do not contribute to χ and need not be considered. Notice again that the use of Legendre polynomials in (24) simplifies the derivation: With a power series expansion all terms up to order δt N+1 would explicitly contribute to χ, and minimization of |χ| would result in a number of additional though redundant equations.
Optimized fourth-order CFETs
For a 4th-order CFET including the A 3 term, we make the ansatz
in extension of Eq. (35). The previous order conditions still apply, and f 1,1 , f 1,2 are given by Eq. (37). The new order condition arising from the A 3 term is 2 f 1,3 + f 2,3 = 0, which gives one additional free parameter f 2,3 with
With these choices, we obtain for the error term
It has four contributions corresponding to the 5th-order exponentials in the second line of Eq. (27). In Fig. 1 (left panel) we show exemplarily
] as a function of f 2,1 . The optimal choice is close to f 2,1 ≈ 0.45 = 9/20. If we only try to minimize the contribution from these two commutators, neglecting the A 3 terms, we thus obtain the CFET CF4:3 from Table 2 . We will see below in Sec. 6.3 that this CFET is far from being optimal. Full minimization of χ through variation of f 2,1 and f 2,3 , including the A 3 terms, results in f 2,1 ≈ 0.45, f 2,3 ≈ −0.28. For an optimized 4th-order CFET we thus propose the choice f 2,1 = 9/20, f 2,3 = −7/25, which results in (cf. 
Optimized sixth-order CFETs
Extending 6th-order CFETs with 6 exponentials (Sec. 4.3) by inclusion of the term A 4 provides us with three additional coefficients f 1,4 , f 2,4 , f 3, 4 . The new order condition Table 3 . This also provides partial justification for the CFET CF6:5b with f 1,1 = 0.2 from Ref. [8] .
Inclusion of the A 4 term and subsequent minimization of the associated error contribution, keeping f 1,1 fixed, results in the improved CFET CF6:5Imp. The full minimization of |χ| with free variation of all parameters results in the optimized 6th-order CFETs CF6:5Opt and CF6:6Opt listed in Table 6 .
Practical error analysis
The theoretical error analysis results in optimized CFETs, whose error is expected to be small in the general case. In a concrete situation dependencies between the nested commutators in the error term may lead to different results. To confirm the validity of the theoretical error analysis we study the CFET error for a driven two-level system. Further issues of practical relevance concern the choice between CFETs of different order, and the time-step selection.
Time-stepping and effective error
In the standard time-stepping approach, the approximate propagatorŨ(t) over longer propagation times is constructed as a product of short-time CFETsŨ 
This quantity determines the efficiency of time-propagation with an Nth-order CFET with s stages. As a rule of thumb we note the relation
6th-order (optimized) 5 exponentials CF6:5Imp Table 6 : Coefficients for optimized 6th-order CFETs with s = 5, 6 exponentials. In each case, the last row gives the coefficients for the A 4 term. The CFET CF6:5Imp is obtained from CF6:5 (Table 3 ) through separate minimization of the A 4 error contributions.
Driven two-level system
Our test problem is a driven two-level system, realized, e.g., by a spin 1/2 in a magnetic field B(t) = (B x (t), B y (t), B z (t)). In the eigenbasis of the z-component of angular momentum, the Hamilton operator is given by the matrix
with the standard Pauli matrices [16] 
For particular choices of B(t) the propagator can be expressed in simple, closed form. One example is the periodically driven two-level system with B(t) = (2V cos 2ωt, 2V sin 2ωt, 2∆), or
where ∆, V, ω ∈ R. The exact propagator is given by
with Ω = (∆ − ω) 2 + V 2 . We note that, in accordance with Floquet theory for periodically driven systems, U(πn/ω, 0) = U(π/ω, 0) n for integer n. The transition probability spin up ↔ spin down is typical for a Breit-Wigner resonance.
In the case of two-level systems, application of a CFET requires evaluation of matrix exponentials e Ω i , which correspond to propagation with fictitious constant magnetic fields. Each exponential can be evaluated in closed form with the relation
for the spin 1/2 rotation operator.
To quantify the CFET error we calculate the deviation ǫ(t) = Ũ (t) − U(t) of the approximate propagatorŨ(t) from the exact U(t). We use the Frobenius norm for a L × L square matrix
where tr[·] denotes the trace. This choice is particularly convenient for the Schrödinger equation, where the propagators are unitary such that U = 1 and U −Ũ 2 = 2 1 − U †Ũ . Notice that this definition accounts for phase slips of the propagators. With the BCH formula we find that the CFET error
is indeed determined by the error term χ =Ω(δt) − Ω(δt). The commutator relations of the spin algebra imply that the nested commutators C k in Eq. (40) are not independent. This allows us to check the theoretical error analysis from Sec. 5 in a situation where cancellation between different C k plays a role. We note that cancellation is not a peculiar consequence of the small Hilbert space of the present example, but of commutator relations dictated by physics. Similar relations hold in any relevant situation.
Fourth-order CFETs
To determine the effective error constantc, we propagate the driven two-level system Eq. (49) over 20 periods of the driving field, i.e. up to a time T = 20π/ω. From the maximal propagation error ǫ = max{ǫ(t)|0 ≤ t ≤ T } we get the effective error constant asc = (s/δt)(ǫ/T ) 1/N in the limit δt ≪ T . In Fig. 2 we showc as a function of the free parameter f 2,1 used in Sec. 5.2 for optimization of 4th-order CFETs with 3 exponentials. In both cases (upper and lower panel)c is minimal for f 2,1 ≃ 0.45 = 9/20, which confirms the previous theoretical analysis based on Fig. 1 . In comparison to CF4:2 with 2 exponentials, which has largerc Table 2 ) and optimized (CF4:3Opt from Table 5 ) 4th-order CFETs, as indicated. As for the previous figure, the driven two-level system is propagated over T = 20π/ω. Results are given as a function of ∆, with ω = 1 and V = 0.1, 0.5, 1.0, 2.0 as indicated in the panels.
than CF4:3Opt, we see that the error reduction is sufficiently large to outweigh the increased effort arising with an additional third exponential. We conclude that the optimization is successful and results in more efficient CFETs. The importance of including the A 3 term becomes evident when dropping it, i.e. setting f 2,3 = 0 (solid black curve). Generally,c for such CFETs is large because of significant contributions from the A 3 terms in Eq. (42), and the 'optimal' value f 2,1 = 9/20 does not reduce the error. Accidental cancellation of different terms occurs for certain parameter combinations and leads to the 'dip' inc for f 2,1 ≈ −0.4 (lower panel). Notice that in contrast to such artificial minima the true optimized value f 2,1 ≈ 0.45 gives a stable minimum ofc.
In Fig. 3 we showc for a range of parameter combinations of the driven two-level system. Again we see that the optimization of CF4:3Opt is successful and results in smaller values ofc. As an estimate, CF4:3Opt is about 10% to 50% more efficient than CF4:2. Optimization attempts without the A 3 terms (CF4:3) result in reduced efficiency.
Sixth-order CFETs
In Fig. 4 we show the effective error constantc for different 6th-order CFETs. We can draw similar conclusions as for the 4th-order CFETs. Since the parameter f 1,1 = 0.2 of the CFET CF6:5b from Ref. [8] is close to the optimal choice f 1,1 = 0.16 of CF6:5, both CFETs are comparable, with a slight advantage for CF6:5. The CFET CF6:4 is much less efficient, although it requires only 4 exponentials. The optimized CFET CF6:5Opt is generally the most efficient, while dropping the A 4 term (as in CF6:5, CF6:5b) reduces the efficiency. Notice that CF6:5Imp, including the A 4 term into CF6:5, is not as efficient as the fully optimized CF6:5Opt, but still significantly better than the other CFETs. The additional freedom of choice of parameters for 6 exponentials (CF6:6Opt) does not lead to further reduction ofc.
Comparison of CFETs of different order
According to Eq. (46), time-propagation with smaller error, i.e. higher accuracy demands, is more efficient using higher-order CFETs. A given Nth-order CFET is most efficient in a certain 'accuracy window', whose size depends on the respective error constantc and propagation time T . The intended accuracy goal thus suggests a preferential choice of N and the corresponding optimized CFET.
Consider two CFETs of order N 1 < N 2 , with effective error constantsc 1 ,c 2 . Inverting the effort-error relation from Sec. 6.1, we find that the N 1 -order CFET is more efficient than the N 2 -order CFET if
The decisive quantity is the ratio ǫ/T of the maximal acceptable error ǫ and the propagation time T . For a rough estimate, let us assume that the effective error constantsc 1 ,c 2 are given by the number s 1 , s 2 of exponentials. With s = 1, 2, 5, 11 for N = 2, 4, 6, 8 we find the following values, which provide some orientation: Table 3 ) and optimized (CF6:5Imp, CF6:5Opt, CF6:6Opt from Table 6) . . .
As a rule of thumb, the accuracy window spans three orders of magnitude: 4th-order CFETs are good for low (error 10 −3 ), 6th-order for moderate (error 10 −6 ), and 8th-order for high (error 10 −9 ) accuracy demands. The use of 2nd-order CFETs such as the midpoint rule should be avoided. Long propagation times shift the advantage towards higher-order CFETs.
For a case study we show in Fig. 5 the error-effort plot for 2nd-to 8th-order CFETs, applied to the two-level system from Sec. 6.2, for short (left panel) and long (right panel) propagation time. Notice that a very small error can be achieved before it saturates at machine precision. The accuracy window of the Nth-order CFET is bounded by the crossing with the N ± 2 curves. For a moderate error 10 −7 (the square root of machine precision for FORTRAN double precision numbers), switching from the 4th-to the 6th-order CFET reduces the effort by a factor of 2-3. For longer propagation times (right panel) the accuracy window shifts to larger errors, and the 8th-order CFET becomes more efficient. The performance of the 2nd-order midpoint rule is several orders of magnitude worse. To illustrate the benefit of optimization, we include results for the unoptimized CFET CF6:5. As can be seen, it is never competitive in comparison to the (optimized) 4th-or (unoptimized) 8th-order CFET.
Time-step selection
In practice a prescribed accuracy goal has to be achieved without knowledge of the exact solution of the problem. A simple, conservative approach is to perform calculations with an ever decreasing time step δt until convergence, i.e. two subsequent calculations agree within numerical round-off errors. This approach wastes much computational time if we seek less accurate results, as it tries to construct the (numerically) exact solution.
For a better time-step selection we can use the known scaling of the error as ǫ = cT δt N . An estimate of the error constant c is obtained from two calculations with different time steps δt 1 , δt 2 according to the relation
It involves only the difference between the two approximate solutions x 1 (t), x 2 (t), but not the unknown exact solution.
A reasonable choice is δt 1 /δt 2 = (2 . . . 3) 1/N , such that the error decreases by a small but significant amount. From the estimate of c we can extrapolate to the required time step δt for the given accuracy goal. For a reliable estimate of the final error it is recommended to perform an additional calculation with smaller δt. An alternative is to compare numerical solutions obtained with two CFETs of different order.
For applications where the time-dependence of A(t) does not change significantly with t, the required time-step can be determined for some finite period 0 ≤ t ≪ T that is characteristic for the dynamical evolution of the system. The solution over the entire propagation time [0, T ] is then computed with the fixed, predetermined value of δt. In other situations, we can proceed similar to heuristic strategies for general differential equation solvers [13, 17] , which achieve the global accuracy goal through control of the local time-stepping error. If the above extrapolation for δt is performed at every step, it allows for propagation with adaptive time-step selection.
Gauss-Legendre quadrature
In numerical applications the terms A n from the Legendre expansion Eq. (25) can be calculated with a numerical quadrature formula. For an optimized Nth-order CFET the quadrature formula must be of order N + 1. A convenient choice is Gauss-Legendre quadrature [13] with N/2 + 1 quadrature points.
Gauss-Legendre quadrature is specified through M points x 1 , . . . , x M , which are the zeros of the Legendre polynomial P M (x), and weights w 1 , . . . , w M (see Table 7 ). The integral of a function f (x) is approximated as
Using the orthogonality of Legendre polynomials it can be shown that Gauss-Legendre quadrature is of order 2 M, in the sense that this expression is exact for polynomials with maximal degree 2M − 1. Equivalently, the error of the approximation 
We note that, using Legendre polynomials, the calculation of the g i,m from the tabulated f i,n is much simpler than for an expansion in powers of δt (cf. Refs. [4, 8] ). Specifically for the CFET CF4:2 from Eq. (38) we obtaiñ
where
. It remains to show that Gauss-Legendre quadrature with N/2 + 1 points correctly reproduces the Ω i . If we insert the expansion Eq. (24) into Eq. (58), we find that the A n are approximated as
The summands on the right hand side are the N + 2-order Gauss-Legendre approximations
of the scalar product of Legendre polynomials. As long as (n − 1) + (l − 1) ≤ N + 1, i.e. n + l ≤ N + 3, the approximation is exact and gives the correct value δ nl /(2n − 1). In particular for n = 1, 2, all integrals for 1 ≤ l ≤ N + 1 are evaluated correctly, and Gauss-Legendre quadrature constructs the terms A 1 , A 2 with an error of order δt N+2 , as required for an optimized Nth-order CFET. For n ≥ 3, the integrals with l > N − (n − 3) are not evaluated correctly, and introduce an error of order δt N+4−n into the term A n . To understand why the CFET order is nevertheless preserved we must revisit the property (P2) discussed in Secs. 3.3, 4.1. It states that every nested commutator [A n 1 , . . . , A n m ] contributing to Ω(t) fulfills the condition n k ≤ 1 + i k n i for all k = 1, . . . , m. By rule (R2) for the CFET construction this property carries over to the approximatẽ Ω(t) from Eq. (31). Since the error of the term A n k incurred from numerical quadrature is of the order δt N+4−n k , the error of the nested commutator is of order δt N+4−n k + i k n i due to the multiplication with the remaining terms. By the above condition this is at least of order δt N+3 , as required. We note that the above argumentation shows the intrinsic connection between Gauss-Legendre quadrature and the property (P2) about the absence of certain nested commutators from Ω(t). The connection is established through expansions in orthogonal Legendre polynomials. Of practical interest is that Gauss-Legendre quadrature with N/2 + 1 points suffices for (optimized) Nth-order CFETs, although in principle most terms A n are reproduced with an error of lower order.
Implementation
Due to the simple product form of Eq. (28) the application of CFETs is straightforward. The single difficult numerical part is the evaluation of the matrix exponentials e Ω i , which is possible with the Krylov technique discussed below. Using Gauss-Legendre quadrature each Ω i is obtained from A(t) as a weighted sum (Eq. (59)). For large-scale problems, where A(t) is a sparse matrix, it implies that also the Ω i are sparse. Moreover the sparsity pattern of A(t), i.e. the distribution of nonzero entries, is preserved: Zeros add up to zeros. This allows for seamless integration of CFETs into existing programs, which implement specific data storage formats or matrix-vector multiplication routines [18] . The extension to time-dependent Hamilton operators requires only minor modifications. The feature of easy implementation gives CFETs additional advantage over the original Magnus expansion.
Calculation of exponentials
Two powerful approaches for the computation of matrix exponentials, particularly of e −iM with sparse hermitian matrices M, are the Krylov [19, 20] and the Chebyshev technique [21] . Both techniques calculate e −iM ψ, the exponential applied to a vector, iteratively. They avoid diagonalization of the matrix M, which enters only through matrixvector multiplication as required for sparse matrices. If M is a sum of simple terms, split-operator techniques [15] can reduce the computational effort considerably. Other methods, such as the 2nd-order Crank-Nicholson approximation e −iM = (1 − iM)/(1 + iM), are neither very accurate, nor suitable for large-scale problems [22] . The Chebyshev technique is based on the expansion of the exponential function e ixt in a series of Chebyshev polynomials. Similar to the calculation of spectral functions [23] , it has the advantage of low memory demands, simple implementation, and unconditional stability and concomitant accuracy for arbitrary large propagation times. The main disadvantage, especially for time-dependent Hamilton operators, is the need to determine a-priori bounds on the eigenvalues of the matrix M.
The Krylov technique is based on the Lanczos iteration. Starting with the initial vector ψ, each multiplication with M gives a new vector M k ψ, which is orthogonalized to the previous vectors from the iteration. A few K iterations generate an orthogonal basis of the Krylov subspace spanned by the vectors ψ, Mψ, M 2 ψ, . . . , M K−1 ψ. The exponential e −iM ψ is approximately evaluated within the low-dimensional Krylov subspace, which effectively reduces the problem to the calculation of an exponential of a dense m × m matrix [22] . The success of this procedure depends on the quality of the Krylov approximation of M. For the calculation of the exponential e −iM , the error bound
where the constant is independent of K and ρ, can be established [20] . Here, 4ρ = λ max − λ min is the spread of the maximal and minimal eigenvalue λ max , λ min of M. Increasing K leads to fast reduction of the error. However, the finite main storage restricts the size of K. Therefore, the Krylov technique requires time-stepping, based on the equality e −iHnδt = (e −iHδt ) n , if the error is not sufficiently small after a single Lanczos iteration. For fixed K, the Krylov approximation error for e −iHδt is of order δt K .
Comparison of the Krylov and Chebyshev technique
In Fig. 6 we compare the Krylov and Chebyshev technique with an mth-order Taylor expansion of the exponential e −itH ψ, where H is the diagonal 50 × 50 matrix with entries H nn = nω and the vector elements ψ n are chosen at random (prior to normalization of ψ). This corresponds to time-propagation for the quantum harmonic oscillator (cf. Sec. 9). The error is given by the ℓ 2 -norm ǫ = |ψ(t) −ψ(t)| between the numerical resultψ(t) and the exact ψ(t), here with ψ n (t) = e −itωn ψ n . The effort is equal to the number of evaluations of Hψ in the computation. For the Chebyshev technique and Taylor expansion, which evaluate the exponential at once, this corresponds to the number of terms kept in the respective series. These definitions of error and effort are also used in the following examples.
For the left panel in Fig. 6 , the system is propagated for t = π/(10ω), i.e. a 20th of the oscillator period. The plot shows the typical problems of the Taylor expansion, whose error grows initially before it saturates far above machine precision. Since the Taylor expansion violates unitarity, the large errors of the exponential spoil the stability of time-propagation. Notice that an Nth-order Runge-Kutta method applied to e −iHt is equivalent to using the Taylor expansion, which explains their diminished usefulness for quantum systems. For the Chebyshev technique, the error decays fast after the first 10 − 20 terms. Unitarity is again achieved only at the level of machine precision, which however now can be reached easily. The Krylov technique is competitive for sufficiently many Krylov vectors in the iteration (K 10) and moderate accuracy demands. Notice that the eigenvalues of the quantum harmonic oscillator occur as multiples of ω, which leads to a large eigenvalue spread ρ in Eq. (64)) and increases the computational effort more than the 'classical' time-scale 1/ω may suggest. The Krylov technique becomes more efficient for small time-steps δt. It complements the Chebyshev technique which excels for longer propagation times. Both scenarios are depicted in the right panel in Fig. 6 . This makes the Krylov technique the more suitable choice for combination with CFETs, where the length of the time-step is restricted by the time-dependence of A(t) (or H(t)). Its central advantage, however, is that it strictly preserves unitarity even for finite error. This allows us to dispense with the evaluation of the exponentials e Ω i to very high accuracy when the overall error is dominated by the CFET error. Instead, we can use the Lanczos iteration with small K (it must K > N for an Nth-order CFET). The reduction of the time-step δt, in order to decrease the CFET error, reduces the Krylov error at the same time. While we recommend the use of the Krylov technique for CFETs we must also note that the present example shows that the Chebyshev technique should not be finally dismissed even for short-time propagation.
Example: CFETs applied to the parametric harmonic oscillator
A genuine example for driven system is the quantum parametric harmonic oscillator
where we allow for a time-dependent oscillator frequency ω(t) = ω (66)
Classical oscillator
The solution of the Mathieu equation provides us with the classical propagator U(t, 0), which is a 2 × 2 matrix. According to Floquet theory, the eigenvalues λ of U(2π/Ω), the propagator over one period, determine the stability of the classical system: It is stable, i.e the solutions of Eq. (66) are bounded, if all |λ| ≤ 1, and unstable otherwise. The left panel of Fig. 7 shows the stability chart of the parametric oscillator, which we obtained with the CFET CF6:5Opt. In the right panel of Fig. 7 we show the corresponding error-effort plot for CFETs of different order, where the error ǫ = max |q(t) −q(t)| is measured as the difference between the exact and numerical position q(t) andq(t) over 10 periods 0 ≤ t ≤ T = 20π/Ω. The optimized 6th-order CFET CF6:5Opt is advantageous for practical accuracy demands. In the left panel of Fig. 8 we compare different CFETs over a range of ξ, ω 0 values. Shown is the effort needed to achieve an error of 10 −6 or better. As expected, the CFET CF6:5Opt is the most efficient.
Quantum oscillator
For the quantum oscillator, we represent positionq
The Hamilton operator is given by
For ξ = 0, with ω(t) ≡ ω 0 , we recover the standard Hamilton operator H = ω 0 (b † b + 1/2). Truncation of the infinitedimensional bosonic Hilbert space, excluding high energy states, is required to obtain the Hamilton operator as a matrix. For the examples we keep the lowest N b = 50 Fock states |n , with b † b|n = n|n . In the right panel of Fig. 8 we compare different CFETs for the quantum oscillator. As the initial wave function we choose a coherent state |ψ c with ψ c |q|ψ c = 3, ψ c |p|ψ c = 0. The error is measured by the deviation ǫ = max |ψ(t) −ψ(t)| between the exact and numerical wave function ψ(t) andψ(t), over 10 periods 0 ≤ t ≤ 20π/Ω. Shown is the effort needed to achieve an error of 10 −6 or better, as for the classical case. A new aspect in comparison with the CFET error analysis for the classical oscillator is the numerical evaluation of the exponentials e Ω i with the Krylov technique. For few Krylov vectors (K = 10, upper panel) the Krylov error from the approximate exponentials dominates. In this case, short time-steps are preferential to reduce the Krylov error sufficiently, with the consequence that the unoptimized 4th-order CFET CF4:2 is most efficient since it uses the smallest number of exponentials. With more Krylov vectors (K = 20, lower panel) the exponentials are evaluated to much higher accuracy also for longer time steps, and the expected advantage of optimized higher-order CFETs is recovered. The overall most efficient propagation is achieved with the CFET CF6:5Opt for K = 20.
Notice that the necessary Hilbert space truncation limits calculations in the unstable regimes shown in Fig. 7 , as the classical instability manifest itself for the quantum system in the excitation of high energy Fock states. Although the truncated Hamilton operator remains hermitian and can be used for time-propagation, the position expectation value q (t) cannot be expected to obey the classical equation Eq. (66). 
The interaction picture for numerical time-propagation
Standard time-dependent perturbation theory is based on the interaction picture. 
As can be seen from Eq. (50), the propagator in the interaction picture is identical to the original propagator apart from an additional rotating phase e ±i∆t . This implies that the calculation in the interaction picture has not simplified. From the perspective of numerical time propagation the difficulty even increases since B I (t) varies faster than B(t) due to the additional time-dependence acquired in the transformation with e tD . This is particularly true if B(t) is a small perturbation, since |ω − ∆| > ω for large ∆.
Notice that for the present problem the choice D = ±ωσ z leads to a constant Hamilton operator in the interaction picture, which allows for the construction of the exact propagator Eq. (50). Indeed, the celebrated rotating wave approximation is exact for this particular case. Despite its persistence in quantum optics it does not easily generalize to other situations.
The interaction picture for the harmonic oscillator
While the interaction picture per se does not simplify time-propagation, it can be useful to reduce the computational effort associated with the numerical evaluation of exponentials. As discussed in Sec. 8.2, the quantum harmonic oscillator is an example where large eigenvalues nω increase the effort. Switching to the interaction picture, with D = ωb † b, increases the CFET error because of the additional time-dependence on the scale of ω, but simplifies the evaluation of exponentials since the large diagonal entries nω are removed from the matrix. We illustrate this possibility with the error-effort plot for the CFET CF6:5Opt in Fig. 9 (left panel) , where results for the interaction picture are compared to those from standard propagation for a different number K of Krylov vectors. We see that in the interaction picture the Krylov error is much reduced so that the CFET error, with scaling ∼ effort 6 , dominates over the entire range. For moderate accuracy demands, with errors down to 10 −7 , the interaction picture with only K = 7 Krylov vectors is most efficient. For smaller error, the interaction picture is again less favourable, since the CFET error has increased in comparison to standard propagation. The right panel of Fig. 9 shows the effort to achieve an error 10 −6 , supporting the expectation that the interaction picture becomes rather efficient at larger (ω 0 /Ω) 2 . Whether there is a benefit of using the interaction picture also for non-bosonic systems remains to be studied.
Comparison of CFETs to Floquet approaches
For problems with a periodic time-dependence Floquet theory suggests exploitation of the periodicity of the propagator. A notable implementation of this idea is the (t, t ′ )-method [24] . Introducing time as an additional variable t ′ , the wave function ψ(t) is recovered from the solution Ψ(t, t ′ ) = exp(−iHt)Ψ(0, t ′ ) of the Schrödinger equation with a time-independent Hamilton operator H = H(t ′ ) − i∂ t ′ as ψ(t) = Ψ(t, t). The validity of this procedure can be checked by evaluation of ∂ t Ψ(t, t), with initial condition Ψ(0, t ′ ) = ψ(0). In computations, the auxiliary degree of freedom t ′ is represented with a Fourier basis of periodic functions φ n (t ′ ) = e 2πint ′ /T . The calculation of the matrix exponential exp(−iHt) in the enlarged Hilbert space is ideally suited for the Chebyshev technique providing solutions for one or more periods at once. The accuracy is determined by the number N F of Fourier modes kept in the calculation. In Ref. [24] , the (t, t ′ )-method was compared to a 2nd-order Magnus propagator. It was found that the (t, t ′ )-method is far more efficient and allows for reduction of the error down to machine precision with moderate effort. Following these examinations, we consider the quantum harmonic oscillator H =p 2 /2 +q 2 /2 + f (t)q with a timedependent periodic force f (t) = f (t + T ). We propagate the initial coherent state |ψ c over 10 periods (T = 5/3π) with (i) a sinusoidal force f (t) = sin 2 2πt/T , (ii) a Gaussian pulse
, The error-effort plot in Fig. 10 compares the (t, t ′ )-method with higher-order CFETs. We see that in both examples the (t, t ′ )-method is significantly less efficient than any but the 2nd-order CFET. Although the t-t ′ error drops rapidly once N F is sufficiently large to represent the Fourier components of the auxiliary wave function Ψ(t, t ′ ), even moderate accuracy requires N F ≥ 2 6 and proportionately large effort. For the Gaussian pulse more Fourier modes must be kept, since weight is distributed to higher Fourier coefficients f n = (1/T ) T 0 f (t)e 2πint/T dt of the driving force f (t). This restricts the use of the (t, t ′ )-method if memory limitations are a concern. Notice that splitting the periodic problem into several time-steps increases the effort further, in particular since the Fourier coefficients of the then discontinuous force decay more slowly. The poor efficiency of the (t, t ′ )-method in comparison to the higher-order CFETs is not a failure of the Floquet approach. If we associate a fictitious time-step T/N F with the representation of the wave function Ψ(t, t ′ ) through N F Fourier nodes per period, it is much larger than the time-step in the CFET time-stepping. This is in accordance with the expectation that for periodic problems Fourier decomposition provides a better representation of the propagator than the concatenation of step-wise constant propagators. A related observation is the increased accuracy of the Fourier transform for integration of periodic functions over the combination of finite order polynomial integration formulae. In total, the (t, t ′ )-method requires less application of the Hamilton operator H for propagation over the entire 10 periods than the CFET/Krylov technique with short time-steps. However, the practically relevant effort of computations in the Fourier space is just larger by N F , which, effectively, renders the (t, t ′ )-method less efficient than higher-order CFETs.
Further applications
We complete our study of the practical applicability of CFETs with calculations for two complex quantum systems, for which neither exact solutions nor classical analogues are known: A chain of interacting spins -or two-level atoms -in pulsed magnetic fields (Sec. 11.1), and the hydrogen atom in an electric field (Sec. 11.2). Both systems feature non-trivial physical effects, and require computation of exponentials for moderate-to-large sparse matrices.
Driven spin chain
In first approximation atoms in a strong light field can be described by interacting spins 1/2 in a magnetic field. We consider the Hamilton operator
of a spin chain with S spins, where
is the Hamilton operator of a single spin, subjected to a magnetic field similar to Eq. (49). If the system is initially prepared in the ground state, the magnetic field induces transitions to excited states. For the choice a magnetic pulse of half-width ≈ 1.32τ and frequency ω, the transition probability for a single spin (S = 1) can be deduced from the result for the Rosen-Zener model [25] . Specifically, the transition probability P ∞ = | ↑|U(∞, −∞)|↓ | 2 , i.e. the probability that the spin is flipped through the pulse, is averageP n = (1/T ) T 0 P n (t)dt (right panel). In the weak coupling limit E z → 0, resonances occur if the transition frequency |ω n 1 −ω n 2 | between states |n 1 , l and |n 2 , l±1 is a multiple of the field frequency Ω. This behaviour is clearly seen if only the three n = 1, 2 states |10 , |20 , |21 are included in the calculation (lower right panel in Fig. 12 ). The broad resonance at Ω = ω 1 − ω 2 = 3/4 is most pronounced, while the resonances at Ω = 3/8, 3/12, . . . become increasingly sharp (for a non-classical field, these would correspond to multi-photon absorption). Inclusion of states with larger n (upper right panel, with n ≤ 50 in the numerical calculation) shifts the frequencies of the n = 1 ↔ n = 2 transition, and leads to the numerous sharp resonances of transitions to higher excited states.
Conclusions
The development of practicable techniques for the propagation of driven quantum systems requires realization of high theoretical efficiency gains under the restrictions of actual applications. In the present paper we studied a particular class of numerical techniques, the commutator-free exponential time-propagators, which combine favourable theoretical properties, such as preservation of unitarity and high approximation order, with the virtue of simple implementation.
Conceptually, CFETs are related to the more traditional Magnus expansion. From the practical point of view, they are in fact the better alternative, at least for the problems studied here. Avoiding commutators makes them easier to implement and also more efficient, since the complicated structure of the original Magnus expansion and all the bookkeeping it requires is replaced by their simple exponential product form.
We dealt with the derivation, optimization, and application of CFETs from the common point of view of the practitioner who wants to solve the Schrödinger equation. For every issue the present work extends the existing literature. Our construction and analysis of CFETs relies essentially on the use of Legendre polynomials and their orthogonality properties. In this way we can provide a comprehensive and self-contained presentation. It also simplifies the error analysis and allows us to identify the importance of including higher-order terms for the CFET optimization. We provide coefficients of fully optimized 4th-and 6th-order CFETs, as well as of a good albeit unoptimized 8th-order CFET. As both the theoretical and practical error analysis show full optimization is successful in further reducing the error, leading to about 50% higher efficiency in comparison to the partly optimized counterparts. While the potential of 6th-order CFETs is probably largely exhausted, optimization of 8th-order CFETs remains promising.
We have discussed the practical application of CFETs at great length, paying particular attention to realistic situations where exponentials can not be calculated in closed form. Based on our findings, we generally recommend the use of the CFET CF6:5Opt together with a Krylov calculation of the exponential using about 10-15 Krylov vectors. The results for the examples presented show that very accurate results can be obtained with moderate effort. They provide evidence that for the Schrödinger equation optimized higher-order CFETs are substantially more efficient than alternative techniques such as general purpose Runge-Kutta methods or numerical Floquet approaches. Most importantly, CFETs are robust: They are unconditionally stable, and their quality does not substantially decline at points of resonance. CFETs are thus a good choice for library routines for time-propagation. We believe that the implementation and optimization of a general purpose time-propagation routine provides most potential for further significant efficiency gains. Irrespective of machine dependent implementation details, this has to include refined strategies for the automated choice of the step-size and the number of Krylov vectors, as well as tracking of the accumulated error. Even now CFETs are a viable and convenient technique for the time-propagation of driven quantum systems. To bring the integrals in Eq. (A.6) into time-ordered form, the integration domain is split into disjoint pieces that are mapped onto the 'wedge' sets ∆ n [t| . . . ] through a permutation of the integration variables. For every (t 1 , . . . , t n ) ∈ I n [t|n 1 , . . . , n k ] a unique permutation π exists that orders the n-tuple such that (t π −1 (1) , . . . , t π −1 (n) ) ∈ ∆ n [t|1, . . . , n]. The admissible permutations are those that respect the order of elements corresponding to each of the ∆ n i [t| . . . ] factors in I n [t|n 1 , . . . , n k ]. These form the set P n [n 1 , . . . , n k ] = {π is permutation of {1, . . . , n}| π(1) < · · · < π(n 1 ) and π(n 1 + 1) < · · · < π(n 1 + n 2 )
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. . . and π(n − n k + 1) < · · · < π(n)} , (A.9)
where still n = n 1 + · · · + n k . It has n!/(n 1 ! · · · n k !) elements. In particular, P n [1, 1, . f (π(1), . . . , π(n)) . While the first terms Z n can be obtained by hand, the calculation of higher terms is better left to the computer. Consider exemplarily the calculation of Z 3 . The sum over n 1 , . . . , n m+1 contains 2 + 1 terms for m = 1, 2. Thus, 
